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An operations research method is presented for deriving a conserva-
tive, non-negative computational scheme for advective transport.
Finite elements in space and time are used to approximate the solu-
tion, and the integral of the square of the residual is minimized
over the entire spatial domain and over a single temporal element.
Negative values are excluded by inequality constraints and conser-
vation is enforced by Lagrange multipliers. The method is then
generalized to show how negative values arising in conventional
finite-difference methods can be eliminated.
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Advective transport, the process by which anything is
carried along by a moving fluid, has two important pro-
perties: first, the total amount of whatever is transported
remains the same; and second. regardless of how they
are redistributed by the flow, positive quantities, such
as concentrations of chemical pollutants. must remain
positive. It would be highly desirable if numerical simu-
lations of advective transport would also have these pro-
perties, but often this is not the case.

Truncation errors necessarily cause the simulations
to differ from the exact solutions. For example, the so-
calied upwind scheme! is both conservative and positive,
but it is also strongly diffusive; unless very fine grids
are used, computed distributions spread out until they
hardly resemble the exact solutions. On the other hand,
the Leith-Lax-Wendroff scheme™ is only weakly diffu-
sive. It is characterized by the appearance of unwanted
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ripples, due to numerical dispersion, which plague many
computational schemes. An averaging process can be
used to smooth out the ripples, but this amounts to
increasing the level of diffusion. The problem of ripples
versus diffusion has been a subject of much study; for
recent examples, see references 5 and 6.

Another form of truncation error, which is found in
time-tmplicit schemes, is nonlocality. Because of the
algebraic coupling of the solution at two adjacent time
leveis, what happens at a single point affects the solution
far away. So long as resolution is adequate, the magni-
tude of remote effects is small. For the purposes of this
paper, nonlocality is considered to be acceptable, and
attention will be focused on the question of nonphysical
negative values.

The negative values are simply a special case of the
more general problem of ripples caused by dispersive
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Figure 1 Dispersion curves for error-minimizing scheme for various Courant numbers. Departure of real part of frequency from
linearity indicates that poorly resolved waves disperse: presence of negative imaginary part of frequency indicates that poorly
resolved waves are damped, This scheme is stable for all Courant numbers
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Figure 2 Dispersion curves for Leith-Lax-Wendroff scheme for various Courant numbers. Curves for y= (0.5} are identical with
those for ervor-minimizing scheme; those for y=1 are identical with those for partial-differential equation, Scheme is unstable

for ¥>1

errors. It is possible to address the more general pro-
blem by exploiting the monotonicity property of advec-
tive transport, i.e. that no new maxima or minima
should appear as the distribution evolves. This has been
done by a method called flux correction,”™ which
involves the combination of a higher order scheme lead-
ing to oscillations and to a lower order scheme that is
strongly diffusive. Flux correction is similar to local
smoothing in that local minima are filled-in from adjac-
ent maxima. Preliminary results indicate that the
method presented here, within the restricted context
of negativity, can be generalized to address the more
general question of monotonicity. Such a generaliza-
tion, however, is beyond the scape of this paper.

The intent of this paper is to follow the consequences
of three simple assumptions to obtain a scheme for com-
puting advective transport. The first assumption is that
the scheme should minimize some measure of computa-
tional error. The other two are that the scheme be non-
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negative and conservative. Because of the reasonable
nature of these assumptions, the outcome should be
interesting and instructive.

Derivation of computationa! scheme

In order to focus on the properties of positivity and
conservation, it is sufficient to restrict attention to the
simple case of transport by one-dimensional, steadv.
uniform flow_ I the concentration of advected materialis
represented by C(x, 1), where x and r are spatial and tem
poral coordinates, respectively, and if u is the constant
advecting velocity . thenthe evolutionof Cisgoverned by:

aC aC
—+u—=20 (1)
ot ox

At the inflow boundary, the value of C should be speci-
fied, whilst no boundury condition is required at the
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