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SUMMARY

In this paper the generation of general curvilinear co-ordinate svstems for use mosclected two-dimensional
flutd flow problems is presented. The curvilinear co-ordinate systems are obtained from the numerical
solution of a system of Poisson equations. The computational prids obtained by this technigque allow for
curved grid lincs such that the boundary of the solutton domain coincides with a grid line. Hence, these
meshes are called boundary fitted grids (BFGL The physical solution arca is mapped onto a set of connected
rectangles in the trunsformed (compututional) plane which form a composite mesh. All numerical caleulations
are performed in the transformed plane. Since the computational domain 1s ¢ rectangle und a unilorm gnd
with mesh spacings AS = Ay — | {in two-dimensions) is used. the computer programming is substantially
facilitated. By means of control functions, which form the rh.s. of the Poisson equations, the clustering of
grid lines or grid points is governed. This allows a very fine resolution at certain spectfied locations and
includes adaptive grid generation. The first two sections outline the general features of BFGs. and in
section 3 the general transformation rules ulong with the necessury concepts of differentiul geometry are
given. [n section 4 the transformed grid generation equations are derived and control functions are spectiied.
Expressions for grid adaptation are also presented. Section 3 briefly discusses the numerical solution of
the trunsformed grid generation equations using succssive overrelaxation and shows a sample caleulation
where the IFAS {full approxtmation scheme) multigrid technique was empioyed. In the compunion paper
{Part [1), the application of the BFG method to selected fluid flow problems is addressed.
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1. INTRODUCTION
Since BFGs are a novel approach to environmental flow computations, a basic introduction to
their propertics and their implementation will be presented. First, BFG methods will be put
into historical context in relation to finite difference and finite element techniques.
Until recently, most of the problems in computational fluid dyvnamies (CFD) were solved by
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finite difference methods using Cartesian co-ordinate systems, ie. rectangular grids. With the
introduction of finite clements in CFD.' ™ problems of greater geometrical complexity could
be solved. Finite elements. however. demand the construction of a table of nearest neighbours
for the irregular grid. and the programming is therefore much more laborious. Furthermore, the
matrices resuiting from finite elements are in general not sparse and are more cumbersome to
invert. Thacker* used finite differences on an irregular grid and reported that lor the case of the
SWEs (shallow water equations} finite differences were approximately an order of magnitude
faster than Gulerkin finite clements when the same accuracy for both techniques was demanded,
though the number of grid points for the finite clement weehnigue was smaller. Hence, a method
which s generally applicable and which retains the computational efficiency of finite differences
as well as the geometrical Mexibility of finite clements would be desirable. To a large extent,
BEGs provide these desirabie features. A BFG exuctly matches curved boundaries where the
selution domain may alsoe be multiply connected. However. all calcubations are performed on
a regular grid; that is, o square grid with uniform grid spacings is used. Such a grid must have
certain features in order o produce meaningful numerical results of the poverning physical
cquations. In particuiar, many of the grids generated by so called fnite clement grid generators
are not well suited Tor time-dependent problems in CFD.

BEGs are gencrated by co-ordinate transformations. 'Fhe use of curvilincar co-ordinates is
well known from general relativity and the concepts used there also apply to BFGs® ' Two
questions arise with the generation of computational grids. First, how to automatically generate
grids which are well suited for CFD computations and. secondly. how (o control grid point
distribution,

i, for cxample. Laplace’s equation had to be solved on an annular ring, the natural choice
would be the use of pelar co-ordinates. In this case the approximation of the solution area by
rectangles or triangles would not be considercd optimal. Furthermore, for calculations on a
sphere, spherical co-ordinates would be used., whercas elliptical co-ordinates would be the natural
choice if the solution area was an cilipse. All these co-ordinate systems have in common that
houndarics of the solution area coincide with co-ordinate lines. The solution area of an annulus
is determined by r, < r<r, and the azimuthal angle 0 < ¢ < 27 In the transformed plane
having r and  as co-ordinale axes, these co-ordinates define a rectangle. Figure ! shows the
mapping of a circle. Except for r = 0 the mapping is one-to-onc. For the general application of
BFGs to arbitrary solution domains, co-ordinate systems have to be found such that co-ordinate
lines coincide with the boundaries of the solution area.

According 1o the transformation, all PDEs (partial differential equations) and their respective
BCs (boundary conditions) have to be transformed. If the grid is generated by the numerical
solution of PDEs, these equations must also be transformed. All transformed equations, then,
are solved in the computational planc. In simple cascs, the selution area is mapped onto a single
rectangle and the calculations are performed on the square grid which spans this rectangle. Since
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Figure [ Physical and transformed planes, exemplified for 4 ¢irele and polar co-ardinates
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